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Inflationary models usually assume the existence of scalar fields or other exotic gravitational
sources. We investigate an alternative approach in which the entire Universe is considered as a
thermodynamic system described by geometrothermodynamics. A particular van der Waals like
fundamental equation is used to construct an effective inflationary model which is consistent with
the main physical requirements, such as the number of e-foldings and the times for the onset and
end of inflation, predicting in this way a volume of approximately 10−84 m3 at the onset of inflation.
The phase transition structure and thermodynamic behavior of the system are consistent with the
expected properties of an inflationary scenario. Cosmological perturbations of the model are shown
to be in agreement with the corresponding primordial power spectrum providing the seeds for the
creation of large-scale structure.
I. INTRODUCTION
Currently the most accepted general framework de-
scribing the evolution of the Universe is the ΛCDM
model. Based on general relativity, it postulates the ex-
istence of an inflationary era in the early development
of the Universe, which can be well approximated by a
cosmological constant dominating over all other compo-
nents of the Universe at that time, such as baryonic mat-
ter, dark matter or radiation [1]. These different con-
stituents, usually modeled by fluids, are each described
by their own equations of state, describing their expan-
sion behavior. The way to fix the equation of state is
usually by choice, but it can also be obtained from more
profound thermodynamic principles. As already once put
to use in [2], and in a previous work by the authors [3],
there exists a method to derive equations of state from a
fundamental thermodynamic equation, within a formal-
ism called geometrothermodynamics (GTD) [4].
GTD, providing a differential geometric description of
thermodynamics, states that thermodynamic systems of
any kind can be described by a corresponding geometri-
cal space of equilibrium states, denoted by a manifold E .
The geometrical properties of this manifold encode the
thermodynamic behavior of the system in equilibrium.
For instance, the geometrical curvature of the equilib-
rium manifold can be understood as an indication and
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a measure of the thermodynamic interactions of the sys-
tem, and possible curvature singularities correspond to
critical points in thermodynamics such as phase transi-
tions. Many confirmations of these principles have been
found in various thermodynamic systems (see [5] and ref-
erences therein).
For systems with n thermodynamic degrees of freedom,
i.e., n independent thermodynamic variables describing
its behavior, the corresponding equilibrium manifold E is
n−dimensional as well. Its curvature and other geomet-
ric properties are obtained from an n−dimensional met-
ric g on E , which is determined by the thermodynamic
properties of the system. Usually, the metric g and its
components are assumed to be the second derivatives of
a thermodynamic potential describing the system. De-
pending on the approach, this potential can be the inter-
nal energy (Weinhold metric), the entropy (Ruppeiner
metric), or can be calculated from a partition function
(Fisher-Rao metric). All of these metrics have been used
in various contexts and in the description of many ther-
modynamic systems and their statistical theories [6–8].
GTD however does not use these Hessian metrics, but
instead defines g by requiring it to be Legendre invari-
ant. Legendre invariance, i.e., the independence of the
thermodynamic behavior of a system on the choice of
thermodynamic potential, is a central property of ther-
modynamics, and should be reflected in the elements of
its description. The incorporation of Legendre transfor-
mations as coordinate transformations in GTD requires
the introduction of a higher-dimensional structure to em-
bed the equilibrium manifold, i.e., a (2n+1)−dimensional
phase space T equipped with a contact 1-form Θ and
2a (2n + 1)−dimensional metric G. The coordinates on
this manifold are ZA = {Φ, Ea, Ia}, with a = 1, 2, ..., n,
which are interpreted as the thermodynamic variables de-
scribing a system, and the 1-form and the metric can be
expressed in terms of these coordinates. On the equilib-
rium manifold E , Φ is interpreted as a thermodynamic
potential, the Ea as the extensive variables and the Ia
as the intensive variables dual to the Ea. The phase
space T and the equilibrium space E are connected by
an embedding map ϕ : E → T , its pullback satisfying
the condition ϕ∗(Θ) = 0. When fixing the coordinates
on E as the Ea, the pullback condition becomes the first
law of thermodynamics. The metric on E is given as a
function of the Ea, and is determined by fixing a depen-
dence Φ(Ea), i.e., by choosing how the thermodynamic
potential depends on the extensive variables.
Usually in classical thermodynamics, empirical meth-
ods based on laboratory experiments are used to find
the fundamental equation for each system [10]. GTD
provides an alternative way based on properties of the
geometrical structures describing the system [11]. If we
suppose that the equilibrium manifold E is an extremal
subspace of T , with its action I =
∫ √
|det(g)| dnE sat-
isfying the variational principle δI = 0, then we obtain
the Nambu-Goto differential equations
1√
|det(g)|
(√
|det(g)| gabZA,a
)
,b
+ ΓABCZ
B
,bZ
C
,c g
bc = 0 ,
(1)
with ΓABC being the Christoffel symbols associated with
the metric G. The system of differential equations (1)
determines possible solutions for ZA(Ea), and thus for
the fundamental equation Φ(Ea). Assuming a particular
choice Φ = S and Ea = (U, V ), with S as the entropy,
U the internal energy and V the volume of the system,
Eqs. (1) can be used to determine different fundamental
potentials. A particularly simple solution that extremizes
the Nambu-Goto action can be written as
S = c1 ln
(
U +
α
V
)
+ c2 ln (V − β) , (2)
where c1, c2, α and β are real constants. The thermo-
dynamic variables are the internal energy U , the volume
V , the temperature T and the pressure P of the fluid.
Choosing c1 = 2/3, c2 = 1, α > 0 and β > 0 leads to the
fundamental equation of the van der Waals gas. How-
ever, the solution (2) admits more general forms of the
fundamental equation, with different values for the con-
stants, which are not fixed by the Nambu-Goto equations
(1).
Applying the analysis of GTD to this case, it turns
out that in general the equilibrium space corresponding
to (2) is curved, which signifies that the system contains
thermodynamic interactions. In the limit of α = β = 0,
c1 = 2/3 and c2 = 1, the ideal gas is recovered, which
features no thermodynamic interactions, and thus the
curvature of its equilibrium space metric g vanishes. In
general, different equations of state of ideal fluids can be
obtained with different choices of c1 and c2, which have
been successfully applied in cosmology. In the present
work, we expand upon the work of a previous article
[3], where we investigate the behavior and physical con-
sequences of this generalized interacting van der Waals
type fundamental equation in the context of cosmology.
In [3], we assume the presence of such a fluid in the early
stages of the Universe, and found it capable of describing
an inflationary period at the beginning of the Universe’s
evolution. In this article, we present details on the ther-
modynamic properties of the inflationary fluid, and inves-
tigate the cosmological perturbations generated by it, in
order to evaluate its viability as an effective inflationary
model.
This paper is structured as follows. In Section II, we
review the findings of [3] and present the solution for the
fluid density generating inflation, briefly discussing its
properties and parameters. The thermodynamic proper-
ties of the fluid are thoroughly investigated in Section III,
including an analysis of the evolution of the thermo-
dynamic variables, the response functions and possible
phase transitions and critical points. In Section IV, we
comment on the primordial perturbations generated from
the inflationary fluid, which provide the seeds of large-
scale structure formation in the subsequent eras of cos-
mological evolution. In Section V, we discuss our results
and mention some tasks for further investigation.
Throughout the paper we use geometric units withG =
c = ~ = k
B
= 1.
II. COSMOLOGICAL BEHAVIOR AND
PROPERTIES OF THE INFLATIONARY FLUID
In this section, we review the findings of [3], where
the fundamental equation (2) of a fluid with interactions
has been found and applied in the context of the early
Universe. Eq. (2) was used to derive the equations of
state of the fluid,
1
T
=
∂S
∂U
and
P
T
=
∂S
∂V
, (3)
resulting in
T =
U
c1
+
α
c1V
(4)
and
P =
c2UV
2 + α [βc1 + (c2 − c1)V ]
c1V 2 (V − β)
. (5)
The energy density was defined via the ratio of the
internal energy and the volume as
ρ =
U
V
. (6)
Note that this definition of energy density is fundamen-
tally different from other works in the literature in this
3direction [13, 14], where a van der Waals gas has been
parameterized in terms of a density n = N/V . In those
approaches, the equation of state is P = P (V, T ), i.e.,
the pressure as a function of the temperature and the
volume, using (4) to substitute U in (5). The tempera-
ture then enters as a free parameter into these models,
and is usually fixed as an arbitrary constant through-
out inflation. In our case, we use (5), the pressure as a
function of the internal energy and the volume, and keep
both variables free. We thus do not have to specify a
temperature during inflation, and obtain a model with
much larger generality, in which the temperature is ob-
tained as an evolving variable from the dynamics of the
corresponding thermodynamic system. The results thus
differ significantly from previously obtained solutions.
Besides introducing the density (6), we parametrize
the volume as a function of the scale factor a(t) as
V = V0a
3 . (7)
Here, we are using the conventional choice of a(t0) =
1, where t0 is the current time, implying that V0 is the
volume of the Universe at current time. At earlier times,
the scale factor is thus always smaller than unity. With
this, the pressure as a function of the density and the
scale factor is obtained as
P =
a9c2ρV
3
0 + α
[
a3V0(c2 − c1) + βc1
]
a6c1V 20 (a
3V0 − β)
. (8)
Inserting this expression into the continuity equation for
a cosmic fluid evolving in an FLRW-background leads to
a differential equation for the density ρ as a function of
the scale factor a. It is solved to give
ρ =
K
(
a3V0 − β
)− c2
c1
a3
−
α
a6V 20
, (9)
with K being an integration constant. This is the most
general dynamical behavior of the energy density of the
fluid obtained for the fundamental equation (2). As
shown in [3], if we fix c2/c1 = −8/9, the density in (9) is
the exact expression for the density producing inflation.
Using approximations we can get a qualitative picture of
how inflation is achieved. Indeed, since V = V0a
3 rep-
resents the volume of the Universe during inflation, the
constant β in (2) can be interpreted as the volume at
the beginning of inflation, which is expected to become
negligible compared to the term V0a
3 very fast. We can
therefore expand the density for small β, resulting in
ρ ≃
KV
8/9
0
a1/3
−
8βK
9V
1/9
0 a
10/3
−
α
a6V 20
. (10)
The first term proportional to a−1/3 has been shown to
produce the required amount of expansion for an infla-
tionary period, provided the constants α and β are suf-
ficiently small. As demonstrated in [3], the optimal way
to fix them is by identifying
|α| =
8
9
βKV
17/9
0 a
8/3
i , (11)
with α < 0, where ti is the time of the onset of inflation,
and ai = a(ti) the corresponding scale factor. Further,
we introduce a smallness parameter,
ǫ =
β
βc
=
|α|
αc
, (12)
with
βc =
9
8
V0 a
3
i , |αc| =
8
9
βcKV
17/9
0 a
8/3
i . (13)
Assuming such conditions on α and β, we can calculate
the amount of expansion during inflation generated by
the inflationary density
ρinf ≡
KV
8/9
0
a1/3
. (14)
It turns out that for an inflationary period lasting from
an initial time ti = 10
−36 until a final time tf = 10
−32
[1], the inflationary density can generate aboutN ≃ 55 e-
foldings of expansion, an appropriate amount according
to standard inflationary theories [1, 15]. Furthermore,
considering standard assumptions on the history of the
Universe and its expansion [3, 15], we obtain
βc =
9
8
V0a
3
i ≃ 10
−84m3 , (15)
i.e., a small number, about the volume of the Universe
at the beginning of inflation, but larger than the Planck
volume. Similarly, estimating the bound on α requires
an estimate on K, which we fix using the condition that
inflation begins roughly at the GUT energy scale. K is
thus found to be
K =
ρinfa
1/3
i
V
8/9
0
≃ 2 · 102 Jm−17/3 . (16)
With this, the critical value of α then results to be
αc ≃ 10
−78 Jm3 . (17)
Having specified the inflationary density and all its pa-
rameters and properties from a dynamical point of view,
we can now proceed to investigate its thermodynamic
properties and behavior.
III. ANALYSIS OF THERMODYNAMIC
BEHAVIOR
In this section, we will discuss the evolution of temper-
ature, pressure and response functions of the inflationary
fluid, followed by an analysis of its phase diagram, cal-
culating its phase transition structure and critical point.
4A. Temperature
The temperature is given by (4), and can be rewritten
using (7), (8) and (9) as
T =
K
c1
V0
(
a3V0 − β
)− c2
c1 . (18)
Using the inflationary value c2/c1 = −8/9, and expand-
ing the expression for small β, the temperature becomes
T ≃
K
c1
a8/3
(
V
17/9
0 −
8βV
8/9
0
9
1
a3
)
. (19)
With (12) for ǫ, and introducing the dimensionless vari-
able
a(t) = aix , (20)
the temperature can be represented as
T ≃
K
c1
V
17/9
0 a
8/3
i x
8/3
(
1− ǫx−3
)
. (21)
We assume without loss of generality c1 > 0. The tem-
perature is positive if the expression in the bracket is
positive, i.e. as long as ǫ is small at the onset of infla-
tion. Thus, a small ǫ not only produces an inflationary
period, but also guarantees that the temperature is a pos-
itive quantity. For x < 1, the temperature can become
negative, but in the regime before the onset of inflation
the equation of state is assumed not to be valid.
These qualitative features can be seen in Fig. 1, where
we have plotted the temperature, as given in (18), as a
function of x, introducing the smallness parameter ǫ in
place of α and β. We see that in the inflationary pe-
riod, starting from x = 1, the temperature is positive
and increasing. It reaches the critical temperature at
xc,T ≃ 0.425, and is negative before x ≃ 0.402. This
unphysical region lies already outside of the supposed
regime of validity of the inflationary equation of state.
For this plot we fix the smallness parameter as ǫ = 0.065
because, as we will see in Section IV, this value guar-
antees an appropriate power spectrum of cosmological
perturbations. We thus use this value for ǫ in all further
expressions with numerical values and curves.
B. Pressure
The pressure in terms of the scale factor is given, using
(8) and (9) with c2/c1 = −8/9, as
P =
9a3αV0 + 8a
6KV 30
(
a3V0 − β
)8/9
− 9αβ
9a6βV 20 − 9a
9V 30
. (22)
The expansion for small β leads to
P ≃ −
α
a6V 20
−
8K
9
V
8/9
0 a
−1/3−
8βK
81
V
−1/9
0 a
−10/3 . (23)
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Figure 1: The figure shows the evolution of the temperature
(solid blue) throughout the inflationary period, valid starting
from x = 1. We see that around xc,T ≃ 0.425 the critical tem-
perature (dashed orange) is reached, and that slightly before
that, the temperature becomes negative, and thus unphysical.
Again substituting the scale factor by x = a/ai, and
introducing ǫ, the pressure can be written as
Pinf (x) =
ρinf(ai)
x1/3
[
−
8
9
−
ǫ
9
x−3 + ǫx−17/3
]
. (24)
With the growth of x during inflation, the factor x−1/3
decreases, and the pressure thus evolves from its initial
value
P (xi) = −
8
9
ρinf(ai) (1− ǫ) (25)
to less negative values. In the limit of small ǫ, the pres-
sure is negative and nearly that of a cosmological con-
stant, with a barotropic factor ωi = −8/9.
We show the evolution of the exact inflationary pres-
sure, as given by Eq. (22), in the phase diagram shown
in Fig. 2, where we use the variable x and the smallness
parameter ǫ instead of the scale factor and the constants
α and β, respectively. The pressure as a function of x is
equally a time-evolution plot, since x grows during infla-
tion starting at x = 1, as well as the phase diagram, since
the volume grows monotonously with the variable x. In-
deed, the typical van der Waals like curve is recovered, in
this case inverted to negative pressures, due to the neg-
ativity of the parameters α and c2. The behavior shown
in the phase diagram is in accordance to the approximate
expression (24), which has been derived to qualitatively
understand the evolution of the pressure during inflation
and its asymptotic behavior.
In contrast to a usual van der Waals phase diagram,
here we do not have different curves for different temper-
atures. The timelike evolution of the temperature dur-
ing the inflationary period is fixed by the dynamics of
the fluid within a FLRW-universe. There is thus only
one fixed curve for the evolution of the pressure, shown
in Fig. 2. Again, we have chosen ǫ = 0.065 to plot the
curve, in accordance with the findings of Section IV.
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Figure 2: The phase diagram shows the pressure as a function
of x (or the volume, respectively). The inflationary dynamics
are depicted in the solid curve, while the short-dashed and
long-dashed curves denote the two kinds of phase transitions
in the system. We see that the inflationary evolution crosses
the second phase transition (long-dashed curve) twice, which
means there are two phase transitions before the onset of in-
flation. The black dot denotes the critical values of volume
and pressure, and the dotted line the onset of inflation at
x = 1.
C. Response functions
The response functions of the system are the speed
of sound cS , the heat capacities at constant volume cV
and constant pressure cP , the isothermal compressibility
κT , the isentropic compressibility κS and the thermal
expansion αV .
The adiabatic speed of sound is defined as
c2S =
∂P
∂ρ
=
∂P
∂a
(
∂ρ
∂a
)−1
, (26)
and can be calculated from P (a) and ρ(a), resulting in a
very long and cumbersome expression. We will recast it
later in terms of x and ǫ, in order to qualitatively assess
its properties.
The heat capacity at constant volume is given by
cV =
(
∂U
∂T
)
V
= c1 . (27)
In order to have a positive temperature, we have assumed
that c1 > 0, and thus also cV > 0. That means that c2
is negative since c2/c1 = −8/9 holds. A positive heat
capacity at constant volume is thus quite reasonable, just
as in a conventional van der Waals fluid.
The isothermal compressibility is defined as
κT = −
1
V
(
∂V
∂P
)
T
, (28)
which can be calculated as
κT =
V 2(V − β)
2αβ − αV + PV 3
. (29)
The isentropic compressibility is
κS = −
1
V
(
∂V
∂P
)
S
, (30)
which can be calculated, substituting the temperature as
a function of the entropy for the derivation, as
κS =
c1V
2(V − β)
α [2βc1 + V (c2 − c1)] + PV 3(c2 + c1)
. (31)
The thermal expansion coefficient is defined as
αV =
1
V
(
∂V
∂T
)
P
= κT
(
∂P
∂T
)
V
, (32)
leading to
αV =
c2V
2
2αβ − αV + PV 3
. (33)
The heat capacity at constant pressure is defined as
cP =
(
∂H
∂T
)
V
= cV + V T
α2V
κT
, (34)
and can be calculated from the other response functions
as
cP = c1 +
c2V
(
α+ PV 2
)
2αβ − αV + PV 3
. (35)
In our model α and c2 are negative, and thus the pres-
sure results to be completely inverted to negative pres-
sures. This implies that in the isothermal compressibility
(29) the denominator changes sign, and the compressibil-
ity becomes negative, as opposed to the usual van der
Waals fluid with positive α and c2. Also in the isentropic
compressibility, the factors of α and pressure P in the
denominator lead to a sign change. Moreover, negative
values of c2 lead to changes in the divergences of the
quantity, due to the factors of (c2± c1) in the denomina-
tor. The compressibilities for normal fluids are positive,
i.e. the volume decreases with increasing pressure, and
the higher the pressure, the harder it gets to compress the
fluid. Here, the effect is reversed - which means that with
increasing pressure, the volume increases as well, some-
thing that intuitively corresponds well to an inflationary
behavior and a fluid with negative pressure.
In the thermal expansion (32), both numerator and
denominator change sign, and thus the quantity remains
of the same sign as for a van der Waals fluid. Usually
the thermal expansion is positive, i.e. materials expand
with increasing temperature, if the pressure is held con-
stant. The temperature of the expanding universe is thus
increasing along with the expansion, driven by the infla-
tionary pressure. This indicates that there is no need
for a reheating period in this model, since the thermo-
dynamic properties of the fluid do not lead to a cooling
of the universe during the inflationary expansion, as in
conventional models.
Also the heat capacity at constant pressure could pos-
sibly change its behavior, depending on the value of c2.
Rewriting expression (35) as
cP
c1
− 1 =
c2V
(
α+ PV 2
)
2αβ − αV + PV 3
, (36)
6we see that the fraction on the right-hand side remains
the same, due to sign changes in numerator as well as
denominator, and that its sign is determined by the ratio
c2/c1. Depending on the magnitude of c2/c1 and the
evolution of the fraction, the heat capacity at constant
pressure can become negative.
In order to get a more quantitative grip on these anal-
ysis, also the response functions can be converted from
functions in terms of P and V into functions of x and in
terms of ǫ, as
c2S(x) ≃ −
[
4
18
x17/3 − ǫ
] [
1
18
x17/3 + ǫ
]−1
−
40
92
ǫ
x3
[
1
16
x17/3 − ǫ
] [
1
18
x17/3 + ǫ
]−2
, (37)
κT (x) ≃
1
ρinf(ai)
[
4
9
x17/3 − ǫ
]−1 [
−
x6
2
+
5
18
ǫx26/3(
4
9
x17/3 − ǫ
)
]
, (38)
κS(x) ≃
1
ρinf(ai)
[
4
81
x17/3 − ǫ
]−1 [
−
x6
2
+
5
162
ǫx26/3(
4
81
x17/3 − ǫ
)
]
, (39)
αV (x) ≃
32c1βc
81αc
[
4
9
x26/3 − ǫx3 −
ǫ
18
x17/3 −
9
8
ǫ2
] [
4
9
x17/3 − ǫ
]−2
, (40)
cP (x)
c1
≃
[
4
9
x17/3 − ǫ
]−1 [
4
81
x17/3 − ǫ+
40
81
ǫ2x−1/3
[
4
9
x17/3 − ǫ
]−1]
. (41)
The coefficient factor in the compressibilities can be ex-
pressed, using the inflationary density evaluated at the
onset of inflation, as
ρinf(xi) =
KV
8/9
0
a
1/3
i
=: ρGUT . (42)
In the limit of small ǫ, the response functions behave like
c2S ∼ −4 < 0 , (43)
κT ∼ −
9
8
x1/3
ρGUT
< 0 , (44)
κS ∼ −
81
8
x1/3
ρGUT
< 0 , (45)
αV ∼
72c1βc
αc
x−8/3 > 0 , (46)
cP
c1
∼
1
9
> 0 . (47)
Here we see that the speed of sound is imaginary and
from (37) we deduce that for growing x it remains neg-
ative. This is unphysical, but not uncommon for infla-
tionary models. The above-mentioned behavior of the
compressibilities as well as the thermal expansion is con-
firmed here, the compressibilities becoming negative and
the thermal expansion remaining positive. The heat ca-
pacity turns out to be positive as well, as for conventional
fluids, and remains so during the course of inflation with
growing x.
D. Phase transitions, critical point and phase
diagram
According to GTD [4, 5], phase transitions of a thermo-
dynamic system described by the fundamental equation
(2) are given by the solutions of the equation
PV 3 − αV + 2αβ = 0 . (48)
In order to depict these solutions in a phase diagram, we
express the pressure as a function of the volume along
the phase transition rearranging Eq. (48) as
PPT1 =
αV − 2αβ
V 3
. (49)
Using the parametrization of the volume in terms of the
variable x as given in Eq. (7), we can obtain the pressure
at phase transition in dependence of x, again for the cho-
sen value of ǫ = 0.065. This yields the first phase tran-
sition line in Fig. 2, corresponding to the short-dashed
curve.
Moreover, we have to check the response functions for
points in which they are not well-behaved, for instance,
when their denominators show zeros. Most of the re-
sponse functions, namely the heat capacities, the com-
pressibility at constant temperature and the thermal ex-
pansion, have the previously mentioned equation (48) as
7their denominator, i.e. they misbehave exactly at the
points already specified by (48). Only the compressibility
at constant entropy differs slightly, with its denominator
reading
PV 3 − 17αV + 18αβ = 0 . (50)
Repeating the same operations as above, this equation
can be transformed to yield a second phase transition at
PPT2 =
17αV − 18αβ
V 3
. (51)
This phase transition is depicted as the long-dashed line
in the phase diagram Fig. 2, as a function of x for ǫ =
0.065. We see that the inflationary pressure stays clear of
the phase transition pressure PPT1, but crosses the line
of the phase transition pressure PPT2 twice, implying
two phase transitions indicated by a divergent isentropic
compressibility near the beginning of inflation, at x1 ≃
0.42 and x2 ≃ 0.589, the second phase transition being
very close to the value of the critical volume, as we will
see in the following.
In order to calculate the critical point, we analyze the
pressure
P =
c2T
V − β
−
α
V 2
, (52)
obtained from combining Eqs. (4) and (5). Reformulating
this relation into a polynomial of the volume, we end up
with
V 3 + V 2
(
−βP − c2T
P
)
+
αV
P
−
αβ
P
= 0 . (53)
Identifying this expression with the generic polynomial
(V − Vc)
3 = V 3 +−3VcV
2 + 3V 2c V − V
3
c = 0 , (54)
the critical point (Vc, Pc, Tc) is calculated as
Vc = 3β , Pc =
α
27β2
, Tc =
8α
27βc2
. (55)
We now want to know where the critical point is situated
in the phase diagram, and whether it is reached during
the course of inflation.
The volume in its evolution during inflation can be
parameterized in terms of x as
V (x) = V0a(ti)
3x3 =
8
9
βcx
3 . (56)
By equating the volume and the critical volume, we can
calculate the critical value, i.e.,
V (xc,V ) =
8
9
βcx
3
c,V = 3β = Vc . (57)
Resolving this equation, fixing ǫ = 0.065, leads to
xc,V =
3
2
ǫ1/3 = 0.603 , (58)
i.e., the critical volume is reached slightly before the onset
of inflation.
The critical pressure can be expressed in terms of ǫ as
well, leading to
Pc = −
1
ǫ
26
37
ρinf(ai) . (59)
Using ǫ = 0.065, the critical pressure can be calculated,
which permits us to mark the point (Vc, Pc) in the phase
diagram in Fig. 2 as a black dot. We see thus that the
universe does not cross over the critical point in this in-
flationary model, evolving along Pinf (x).
Ultimately, we have to analyze the critical tempera-
ture, given by the third expression in Eq. (55). It can be
expressed in terms of the parameters of the inflationary
model as
Tc =
1
3
K
c1
a
8/3
i V
17/9
0 , (60)
where the sign of α has been canceled by a factor of
c2/c1 occurring in the expression. Comparing the crit-
ical temperature with the exact inflationary tempera-
ture from Eq. (18), expressed in terms of the variable
x, we can calculate when the critical temperature will be
reached by equating T (xc,T ) = Tc. The result is, assum-
ing ǫ = 0.065,
xc,T = 0.425 . (61)
The critical temperature is thus reached before inflation
as well, and the inflationary dynamics, valid from x = 1,
do not cross it.
IV. COSMOLOGICAL PERTURBATIONS
In this section, we investigate the cosmological per-
turbations generated by the thermodynamic system de-
scribed by the fundamental equation (2), and compare
them to the results expected from an inflationary model.
In analogy to [2] and [16], we use the perturbed Ein-
stein equations in the fluid limit, in the longitudinal (or
conformal Newtonian) gauge, and consider perturbations
to the energy density and pressure of the fluid. For the
moment, we do not assume anything about the origin of
these perturbations - they should be determined by mi-
croscopic processes following the statistical properties of
the system, and thus require a thorough statistical anal-
ysis of the thermodynamic system presented here. In the
present work, we are mainly interested in the cosmologi-
cal consequences of the model.
It is easy to show that in the thermodynamic system
(2) shear and anisotropic stresses are absent. Hence the
corresponding energy-momentum tensor can be repre-
sented as that of a perfect fluid,
T µν = Pδ
µ
ν + (ρ+ P )u
µuν , (62)
8where uµ is the four-velocity of the fluid. Perturbations
are introduced in this energy-momentum tensor by per-
turbing the density as ρ = ρ¯ + δρ and the pressure as
P = P¯ + δP , where the barred quantities refer to the
average values of the quantities. In contrast to [16], we
will not consider a peculiar fluid velocity or anisotropic
shear perturbations. The perturbed energy momentum
tensor thus reads
T 00 = − (ρ¯+ δρ) , T
0
i = 0 , T
i
j =
(
P¯ + δP
)
δij . (63)
From the conservation of the perturbed energy-
momentum tensor T µν;µ = 0, considering an equation of
state P = ωρ and a FLRW background with scalar per-
turbations in the conformal Newtonian gauge [16] and in
conformal time η,
ds2 = a2(η)
[
− (1 + 2Φ) dη2 + (1− 2Φ) dxidxi
]
, (64)
we obtain the equation determining the density contrast
δ = δρ/ρ¯ as
δ′ = 3 (1 + ω)Φ′ − 3H
(
c2S − ω
)
δ , (65)
where prime denotes derivative wrt. conformal time η,
c2S is the adiabatic speed of sound, and Φ is the metric
perturbation in the conformal Newtonian gauge, i.e., the
Newtonian gravitational potential determined as [1, 17]
Φ = 1−
H
a2
∫
a2dη . (66)
To determine the density contrast δ, we use a(t) as in
[3] and convert it to conformal time to obtain H(η) and
a(η), and can thus calculate
ωi =
P
ρinf
= −
8
9
+
8ǫ
9
−
5ǫ2
72
, (67)
c2S = −
(
4
18
− ǫ
)(
1
18
+ ǫ
) − 40
92
(
1
16
− ǫ
)
ǫ(
1
18
+ ǫ
)2 +O(ǫ2) , (68)
H = −
6
5η
, (69)
Φ(η) = 1−
6
7
=
1
7
. (70)
Note that the Newtonian potential is a constant. This
does not mean that the primordial power spectrum is
flat, but just that the gravitational potential introduced
as a perturbation parameter in the metric coefficients
is a constant throughout inflation. The equation for the
classical density contrast (65), formulated in terms of the
scale factor a as variable instead of the conformal time,
thus reads
∂δ
∂a
= −
3
(
c2S − ω
)
a
δ(a) . (71)
In terms of the dimensionless variable x = a/ai this equa-
tion becomes
∂δ
∂x
= −
3
(
c2S − ω
)
x
δ(x) . (72)
The general solution to this equation is
δ(x) = δ0x
−3(c2S−ω) . (73)
In order to investigate the scale dependence of this func-
tion, we convert the dependence on x into an inverse
scale, or wavenumber, defined via k = 2pix , resulting in
δ(k) = δ0 (2π)
−3(c2S−ω) k3(c
2
S
−ω) . (74)
To compare the prediction for the inflationary spectrum
and its tilt to what is expected from observations, we
rewrite δ(k) in the form [1]
PR(k) = A
2
R
(
k
aH
)n−1
, (75)
where n is the spectral index of the inflationary pertur-
bation spectrum, a the scale factor and H the Hubble
parameter. Casting (74) in a similar form, we can thus
identify
A2R = δ0
(
aH
2π
)3(c2S−ω)
, (76)
n− 1 = 3
(
c2S − ω
)
, (77)
The amplitude factor can be chosen to its desired value by
fixing δ0. The qualitative aspect of the spectrum, i.e., the
spectral tilt n can be determined by using the dependence
of the equation of state parameter (67) and the speed of
sound (68) on the small interaction parameter ǫ. Defining
n(ǫ) = 3
[
c2S(ǫ)− ω(ǫ)
]
− 1 , (78)
and solving n(ǫ) = 0.96 as commonly expected [15], we
obtain
ǫ = 0.065 , (79)
which is the value used in previous sections for investi-
gating the thermodynamic properties of our inflationary
model.
Thus, it is possible to obtain a nearly scale-invariant
spectrum for inflation by adjusting ǫ accordingly. We
have shown that our model is viable for the description
of inflation including the correct prediction of the infla-
tionary power spectrum.
V. DISCUSSION & CONCLUSIONS
This work presents a phenomenological model for the
period of inflation originating from the GTD formalism,
a purely thermodynamic approach providing us with a
thermodynamic fundamental equation, which is used in
the context of relativistic cosmology. The fundamental
equation used is the entropy of a thermodynamic system,
parameterized in terms of its internal energy and its vol-
ume. It contains the typical van der Waals interaction
9parameters α and β, and two further constants, c1 and
c2, generalizing the van der Waals case.
Using this fundamental equation in the context of
cosmology, it is a powerful model that can be applied
to describe many epochs in the evolution of the Uni-
verse, depending on the choice of the involved param-
eters. For the limit of zero thermodynamic interactions,
i.e., α = β = 0, the fluid successfully reproduces the be-
havior of the cosmological eras of radiation dominance,
matter dominance and accelerated late-time expansion,
by an appropriate choice of the constants c1 and c2. The
interacting case has been the main focus of this article,
and has been shown [3] to provide a realistic model for the
period of inflation in the early Universe. With the choice
c2/c1 = −8/9, it is possible to obtain predictions that are
consistent with the main requirements for inflation, such
as an amount of expansion of about 55 e-foldings, and
the times of onset and end of inflation. To obtain these
features, limitations have to be placed on the magnitude
of the interaction parameters α and β. The interaction
strength α turns out to be negative, i.e., it corresponds to
a repulsive interaction between the system’s constituents,
and is bound by the value αc = 10
−78 Jm3. The parame-
ter β is found to be related to the size of the Universe at
the onset of inflation, and is limited by βc = 10
−84m3,
a value which can be interpreted as a prediction of our
model. The remaining parameters V0 and K have been
fixed to physically reasonable values expected from infla-
tionary models. Under these assumptions, the interact-
ing thermodynamic system described by the fundamental
equation (2) has been shown to correctly mimic an infla-
tionary period.
By relating the two van der Waals parameters α and
β we have reduced the number of free parameters of the
model further, and obtained the dynamical evolution of
the fluid in terms of only one parameter, ǫ, which is sup-
posed to be small. The value of ǫ can be constrained
by the consequences for cosmological perturbations pre-
dicted by the model. Even though there is a small free-
dom in the choice of the equation of state parameter, the
resulting number of e-foldings is quite sensitive with re-
spect to variations of its value, and so we consider the
possible parameter space as well constrained. The model
is thus unique, and not a part of a family of models with
similar predictions, and therefore can be tested against
observational evidence.
Besides its cosmological and dynamical behavior, the
thermodynamic properties of the model have been in-
vestigated. After calculating the temperature and the
pressure, the response functions such as speed of sound,
heat capacities, compressibilities and thermal expansion
are obtained. The system shows conventional behavior
of the heat capacities and thermal expansion, whereas its
speed of sound is imaginary – not uncommon for infla-
tionary fluids – and its compressibilities intuitively corre-
spond to a fluid with repulsive interactions. We find that
the critical point is not reached in the range of validity of
the model. The analysis of the phase transitions however
leads to interesting results, providing motivation for the
inclusion of interaction in the system. It turns out that
two phase transitions happen very close to the onset of
inflation, interpreted as triggering the start of inflation.
As an aside, we would like to comment that the intro-
duction of interactions to the phases of radiation, matter
and dark energy dominance leads to a similar occurrence
of phase transitions at the beginning of these phases as
in the case of inflation. These phase transitions could
thus provide the general rationale for the change of eras
in the Universe’s history.
Since the predictions of this model are unique, it is
compelling to test its predictions against observations.
In the case of an inflationary model, this can be done
by calculating the form of the primordial perturbations
the model generates. Our analyses demonstrate that the
power spectrum of the primordial perturbations can be
tuned to be nearly scale-invariant as expected by obser-
vations, by an appropriate choice of the smallness param-
eter ǫ, thereby fixing the remaining semi-free parameter
of the model.
We have thus shown the success of an interacting van
der Waals type fluid as the inflationary agent, without
the necessity of postulating scalar fields or exotic mech-
anisms, solely relying on thermodynamic principles. As
a next step, we would like to investigate the microscopic
dynamics involved, utilizing analogies to the well-known
van der Waals case, and delve deeper into the microscopic
origins of the interactions and properties of the fluid, with
the hope of improving the analysis of perturbations from
a thermodynamic point of view.
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